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Abstract–A new learning algorithm called extreme
learning machine (ELM) has recently been proposed for
single-hidden layer feedforward neural networks (SLFNs)
to easily achieve good generalization performance at
extremely fast learning speed. ELM randomly chooses
the input weights and analytically determines the output
weights of SLFNs. This paper shows that ELM can be
extended to radial basis function (RBF) network case,
which allows the centers and impact widths of RBF
kernels to be randomly generated and the output weights
to be simply analytically calculated instead of iteratively
tuned. Interestingly, the experimental results show that
the ELM algorithm for RBF networks can complete
learning at extremely fast speed and produce general-
ization performance very close to that of SVM in many
artifical and real benchmarking function approximation
and classification problems. Since ELM does not require
validation and human-intervened parameters for given
network architectures, ELM can be easily used.

Index terms - Radial basis function network, feed-
forward neural networks, SLFN, real time learning,
extreme learning machine, ELM.

I. Introduction

It is clear that the learning speed of neural
networks is in general far slower than required and
it has been a major bottleneck in their applications
for past decades. Two main reasons behind may be:
1) the slow gradient-based learning algorithms are
extensively used to train neural networks, and 2) all
the parameters of the networks are tuned iteratively
by using such learning algorithms. For example,
traditionally, the parameters (weights and biases) of
all the layers of the feedforward networks and the
parameters (centers and impact widths of kernels)
of radial basis function (RBF) networks need to
be tuned. For past decades gradient descent-based
methods have mainly been used in various learning
algorithms. However, it is clear that gradient descent
based learning methods generally run very slowly
due to improper learning steps or may easily con-
verge to local minimums. Many iterative learning
steps are required by such learning algorithms in
order to obtain better learning performance and
on the other hand cross-validation and/or early
stopping need to be used in order to prevent over-
fitting.
It is not surprising to see that it may take

several minutes, several hours and several days to
train neural networks in most applications. Further-

more, it should not be neglected that more time
need to be spent on choosing appropriate learning
parameters (i.e, learning rates) by trial-and-error
in order to train neural networks properly using
traditional methods. Unlike traditional popular im-
plementations, for single-hidden layer feedforward
neural networks (SLFNs) we have recently proposed
a new learning algorithm called extreme learning
machine (ELM)[1], [2] which randomly chooses the
input weights and the hidden neurons’ biases and an-
alytically determines the output weights of SLFNs.
Input weights are the weights of the connections
between input neurons and hidden neurons and
output weights are the weights of the connections
between hidden neurons and output neurons. In
theory, it has been shown [3], [4], [5], [6] that SLFNs’
input weights and hidden neurons’ biases need not
be adjusted during training and one may simply
randomly assign values to them. The experimental
results based on a few artificial and real benchmark
function regression and classification problems have
shown that compared with other gradient-descent
based learning algorithms (such as backpropagation
algorithms (BP)) for feedforward networks this ELM
algorithm tends to provide better generalization
performance at extremely fast learning speed and
the learning phase of many applications can now be
completed within seconds[1], [2].
The main target of this paper is to extend ELM

from feedforward neural networks case to radial basis
function (RBF) networks case. Similar to ELM for
SLFN case, it will be shown in this paper that
instead of tuning the centers and impact widths
of RBF kernels, we may just simply randomly
choose values for these parameters and analytically
calculate the output weights of RBF networks. Very
interestingly, testing results on a few benchmark
artificial and real function regression and classifi-
cation problems ELM for RBF networks1 can reach
the generalization performance very close to those
obtained by the SVMs but complete learning phase
at extremely fast speed.
This paper is organized as follows. Section II

introduces the Moore-Penrose generalized inverse

1For brevity, ELMs for SLFN and RBF networks casea are
respectively denoted as ELM-SLFN and ELM-RBF in the
context of this paper.
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and the minimum norm least-squares solution of a
general linear system which play an important role
in developing our new ELM-RBF learning algorithm.
Section III gives a brief introduction to previously
proposed ELM-SLFN learning algorithm. Section IV
extends the ELM learning algorithm from SLFN
case to RBF networks case. Performance evaluation
is presented in Section V. Conclusions are given in
Section VI.

II. Preliminaries

We introduce in this section the minimum norm
least-squares solution of a general linear system
Ax = y in Euclidean space, where A ∈ Rm×n

and y ∈ Rm. It will be clear that similar to SLFNs
RBF network can be considered as a linear system if
the kernel centers and impact widths are arbitrarily
given.
The resolution of a general linear system Ax =

y, where A may be singular and may even not be
square, can be made very simple by the use of the
Moore-Penrose generalized inverse[7].
Definition 2.1: [7], [8] A matrix G of order n×m

is the Moore-Penrose generalized inverse of matrix
A of order m× n, if
AGA = A,GAG = G, (AG)T = AG, (GA)T =GA

(1)
For the sake of convenience, the Moore-Penrose
generalized inverse of matrix A will be denoted by
A†.
Definition 2.2: x0 ∈ Rn is said to be a minimum

norm least-squares solution of a general linear system
Ax = y if for any y ∈ Rm

x0 ≤ x ,∀x ∈ {x : Ax−y ≤ Az−y ,∀z ∈ Rn}
(2)

where · is a norm in Euclidean space.
That means, a solution x0 is said to be a minimum
norm least-squares solution of a general linear system
Ax = y if it has the smallest norm among all the
least-squares solutions.
Theorem 2.1: {p. 147 of [7], p. 51 of [8]} Let there

exist a matrix G such that Gy is a minimum norm
least-squares solution of a linear system Ax = y.
Then it is necessary and sufficient that G = A†, the
Moore-Penrose generalized inverse of matrix A.

III. Review of Extreme Learning Machine for
SLFN Case

In order to understand ELM for RBF networks
case, it is good for one to know first the ELM learning
algorithm previously proposed for the single hidden
layer feedforward networks (SLFNs).[1], [2].

A. Approximation Problem of SLFNs

For N arbitrary distinct samples (xi, ti), where
xi = [xi1, xi2, · · · , xin]T ∈ Rn and ti =
[ti1, ti2, · · · , tim]T ∈ Rm, standard SLFNs with Ñ

hidden neurons and activation function g(x) are
mathematically modeled as

Ñ

i=1

βig(wi · xj + bi) = oj , j = 1, · · · , N, (3)

where wi = [wi1, wi2, · · · , win]T is the weight vector
connecting the ith hidden neuron and the input
neurons, βi = [βi1,βi2, · · · ,βim]T is the weight
vector connecting the ith hidden neuron and the
output neurons, and bi is the threshold of the ith
hidden neuron. wi · xj denotes the inner product of
wi and xj .
That standard SLFNs with Ñ hidden neurons

each with activation function g(x) can approxi-
mate these N samples with zero error means that
Ñ
j=1 oj − tj = 0, i.e., there exist βi, wi and bi

such that

Ñ

i=1

βig(wi · xj + bi) = tj , j = 1, · · · , N. (4)

The above N equations can be written compactly
as:

Hβ = T (5)

where

H(w1, · · · ,wÑ , b1, · · · , bÑ ,x1, · · · ,xN ) =⎡⎢⎣ g(w1 · x1 + b1) · · · g(wÑ · x1 + bÑ )
... · · · ...

g(w1 · xN + b1) · · · g(wÑ · xN + bÑ)

⎤⎥⎦
N×Ñ
(6)

β =

⎡⎢⎣ βT1
...

βÑ
T

⎤⎥⎦
Ñ×m

and T =

⎡⎢⎣ tT1
...
tTN

⎤⎥⎦
N×m

(7)

As named in Huang and Babri[9] and Huang[4], H is
called the hidden layer output matrix of the neural
network; the ith column of H is the ith hidden
neuron output with respect to inputs x1,x2, · · · ,xN .
B. ELM Learning Algorithm for SLFNs

In most cases the number of hidden neurons
is much less than the number of distinct training
samples, Ñ N ,H is a nonsquare matrix and there
may not exist wi, bi,βi (i = 1, · · · , Ñ) such that
Hβ = T. Thus, one specific ŵi, b̂i, β̂ (i = 1, · · · , Ñ)
need to be found such that

H(ŵ1, · · · , ŵÑ , b̂1, · · · , b̂Ñ )β̂ −T =

min
wi,bi,β

H(w1, · · · ,wÑ , b1, · · · , bÑ )β −T (8)

which is equivalent to minimizing the cost function

E =
N

j=1

⎛⎝ Ñ

i=1

βig(wi · xj + bi)− tj
⎞⎠2 (9)

When H is unknown gradient-based learning al-
gorithms are generally used to search the minimum



of Hβ − T . In the minimization procedure by
using gradient-based algorithms, parameter vector
W which is the set of weights (wi,βi) and biases
(bi) is iteratively adjusted as follows:

Wk =Wk−1 − η ∂E(W)

∂W
(10)

Here η is a learning rate. The popular learning
algorithm used in feedforward neural networks is the
back-propagation learning algorithm where gradients
can be computed efficiently by propagation from the
output to the input. There are several issues re-
mained for these gradient-descent based algorithms
such as local minimal, overfitting, slow convergence
rate, etc.[1], [2], [10]
It is very interesting[4], [11] that unlike the most

common understanding that all the parameters of
SLFNs need to be adjusted, the input weights wi
and the hidden layer biases bi are in fact not
necessarily tuned and the hidden layer output matrix
H can actually remain unchanged once arbitrary
values have been assigned to these parameters in
the beginning of learning.
For fixed input weights wi and the hidden layer

biases bi, seen from equation (8), to train an SLFN is
simply equivalent to finding a least-squares solution
β̂ of the linear system Hβ = T:

H(w1, · · · ,wÑ , b1, · · · , bÑ )β̂ −T =

min
β

H(w1, · · · ,wÑ , b1, · · · , bÑ )β −T (11)

According to Theorem 2.1, the unique smallest
norm least-squares solution of the above linear sys-
tem is:

β̂ = H†T (12)

The special solution β̂ = H†T is the smallest
norm least-squares solutions of a general linear
system Hβ = T, meaning that the smallest train-
ing error can be reached by this special solution.
As pointed out by Bartlett[12], [13], for feedfor-
ward networks with many small weights but small
squared error on the training examples, the Vapnik-
Chervonenkis (VC) dimension (and hence number
of parameters) is irrelevant to the generalization
performance. Instead, the magnitude of the weights
in the network is more important. The smaller the
weights are, the better generalization performance
the network tends to have. As analyzed above,
this method not only reaches the smallest squared
error on the training examples but also obtains the
smallest output weights for given input weights and
hidden neuron biases. Thus, it is reasonable to think
that this method tends to reach better generaliza-
tion performance. Bartlett[13] stated that learning
algorithms like back propagation are unlikely to find
a network that accurately learns the training data
since they avoid choosing a network that overfits the
data and they are not powerful enough to find any

good solution. (For detail discussion, refer to [1], [2],
[12], [13], [14])
As proposed in out previous work[1], [2], the

extreme learning machine (ELM) for SLFNs can be
simply shown as follows:
ELM Algorithm for SLFNs : Given a training
set ℵ = {(xi, ti)|xi ∈ Rn, ti ∈ Rm, i = 1, · · · , N},
activation function g(x), and hidden neuron number
Ñ :

step 1 Assign arbitrary input weight wi and bias bi,
i = 1, · · · , Ñ .

step 2 Calculate the hidden layer output matrix H.
step 3 Calculate the output weight β

β = H†T (13)

IV. Extension of Extreme Learning Machine to
RBF Case

In this section, we will show that the ELM previ-
ously proposed for SLFNs can linearly be extended
to RBF networks case.

A. Approximation Problem of RBFs

The output of a RBF network with Ñ kernels for
an input vector x ∈ Rn is given by

fÑ (x) =
Ñ

i=1

βiφi(x) (14)

βi = [βi1,βi2, · · · ,βim]T is the weight vector con-
necting the ith kernel and the output neurons and
φ(x) is the output of the ith kernel, which is usually
gaussian:

φi(x) = φ(µi,σi,x) = exp
x− µi 2

σi
(15)

µi = [µi1, µi2, · · · , µin]T is the ith kernel’s center
and σi is its impact width.
For N arbitrary distinct samples (xi, ti), where

xi = [xi1, xi2, · · · , xin]T ∈ Rn and ti =
[ti1, ti2, · · · , tim]T ∈ Rm, RBFs with Ñ kernels can
be mathematically modeled as

Ñ

i=1

βiφi(xj) = oj , j = 1, · · · ,N (16)

Similar to SLFN case, that standard RBFs with
Ñ kernels can approximate these N samples with

zero error means that
Ñ
j=1 oj−tj = 0, i.e., there

exist βi, µi and σi such that

Ñ

i=1

βi exp
xj − µi 2

σi
= tj , j = 1, · · · , N. (17)

The above N equations can be written compactly
as:

Hβ = T (18)



where

H(µ1, · · · , µÑ ,σ1, · · · ,σÑ ,x1, · · · ,xN ) =⎡⎢⎣ φ(µ1,σ1,x1) · · · φ(µÑ ,σÑ ,x1)
... · · · ...

φ(µ1,σ1,xN ) · · · φ(µÑ ,σÑ ,xN )

⎤⎥⎦
N×Ñ

(19)

β =

⎡⎢⎣ βT1
...

βÑ
T

⎤⎥⎦
Ñ×m

and T =

⎡⎢⎣ tT1
...
tTN

⎤⎥⎦
N×m

(20)

Similar to SLFNs [9], [4],H is called the hidden layer
output matrix of the RBF network; the ith column
of H is the output of the ith kernel with respect to
inputs x1,x2, · · · ,xN .
B. Minimum Norm Least-Squares Solution of RBF

In most cases the number of kernels is much less
than the number of distinct training samples, Ñ
N , H is a nonsquare matrix and there may not exist
µi,σi,βi (i = 1, · · · , Ñ) such that Hβ = T. Thus,
specific µ̂i, σ̂i, β̂ (i = 1, · · · , Ñ) need to be found
such that

H(µ̂1, · · · , µ̂Ñ , σ̂1, · · · , σ̂Ñ )β̂ −T =

min
µi,σi,β

H(µ1, · · · , µÑ ,σ1, · · · ,σÑ )β −T (21)

which is equivalent to minimizing the cost function

E =
N

j=1

⎛⎝ Ñ

i=1

βiφ(µi,σi,xj)− tj
⎞⎠2 (22)

Traditionaly, when H is unknown gradient-based
learning algorithms are generally used to search the
minimum of Hβ − T [15]. In the minimization
procedure by using gradient-based algorithms, vector
W, which is the set of kernels’ centers µi and impact
widths σi and the output weights βi, is iteratively
adjusted as follows:

Wk =Wk−1 − η ∂E(W)

∂W
(23)

Here η is a learning rate. Since there exist several
difficult issues for these gradient-descent based al-
gorithms such as local minimal, overfitting, conver-
gence, etc, an ELM for SLFNs have been proposed
in our previous work[1], [2]. Unlike the most common
understanding that all the parameters of SLFNs need
to be adjusted, the input weights and the hidden
layer biases are in fact not necessarily tuned and the
hidden layer output matrix H can actually remain
unchanged once arbitrary values have been assigned
to these parameters in the beginning of learning [4],
[11]. Similarly, the centers and widths of RBF kernels
can arbitrarily be given as well.
Arbitrarily assigned RBF kernels
For the target function f continuous on a measur-

able compact subset X of Rd, the closeness between

the output fn of a RBF network and the target
function f is measured by the L2-norm distance:

fÑ − f =
X

|fÑ (x)− f(x)|2 dx
1/2

(24)

In practical applications, the network can only be
trained based on finite training samples. Suppose
that for given N arbitrary distinct training samples
(xi, ti) drawn from the target function f , the best
generalization performance can be obtained when
there are Ñ0 kernels and their centers and impact
widths are (µ̂i, σ̂i), i = 1, · · · , Ñ0, which means that

fÑ0
− f =

⎡⎢⎣
X

Ñ0

i=1

β̂iφ(µ̂i, σ̂i,x)− f(x)
2

dx

⎤⎥⎦
1/2

= min
βi,φi

⎡⎢⎣
X

Ñ

i=1

βiφi(x)− f(x)
2

dx

⎤⎥⎦
1/2

= min
βi,µi,σi

⎡⎢⎣
X

Ñ

i=1

βiφ(µi,σi,x)− f(x)
2

dx

⎤⎥⎦
1/2

(25)

Without loss of generality, for a specific application
those kernels whose combinations could produce best
generalization performance are called best kernels for
that application in this paper.
In theory, if enough kernels (i.e, Ñ large enough)

are randomly chosen and some of them are exactly
equal to these Ñ0 best kernels (µ̂i, σ̂i), minβ fÑ−f
can be equal to fÑ0

− f . For example, the output
weights βi of kernels except those best ones can be
simply set as zero. In most practical applications,
it is difficult to find those best kernels and their
combinations may not be unique either. However,
enough kernels can randomly be generated and the
best kernels could be approximated very closely by
some of those randomly generated kernels, and there-
fore, minβ fÑ − f tends to be equal to fÑ0

− f
if Ñ is sufficiently large.
Since in practice the network is trained using

finite training samples (xi, ti), where xi ∈ X, the
minβ fÑ − f can be approximated by

min
β

fÑ−f ≈ minβ H(µ1, · · · , µÑ ,σ1, · · · ,σÑ )β−T
(26)

For fixed kernel centers µi and impact widths σi, to
train an RBF is simply equivalent to finding a least-
squares solution β̂ of the linear system Hβ = T:

H(µ1, · · · , µÑ ,σ1, · · · ,σÑ )β̂ −T =

min
β

H(µ1, · · · , µÑ ,σ1, · · · ,σÑ )β −T (27)

According to Theorem 2.1, the unique smallest norm
least-squares solution β̂ of the above linear system



is:

β̂ = H†T (28)

Relationship between weight norm and generaliza-
tion performance

Bartlett[12], [13] pointed out that for feedfor-
ward networks with many small weights but small
squared error on the training examples, the Vapnik-
Chervonenkis (VC) dimension (and hence number
of parameters) is irrelevant to the generalization
performance. Instead, the magnitude of the weights
in the network is more important. The smaller the
weights are, the better generalization performance
the network tends to have. Since RBF networks
look like the standard feedforward neural networks
except that different hidden neurons are used, it is
reasonable to conjecture that Bartlett’s conclusion
for feedforward neural networks may be valid in
RBF network case as well. According to Theorem
2.1, our approach of finding the kernels and output
weights not only reaches the smallest squared er-
ror on the training examples but also obtains the
smallest output weights. Thus, reasonably speaking,
this approach may tend to have good generalization
performance, which is consistent with our simulation
results in a few benchmark problems.

Thus, similar to SLFNs, the extreme learning
machine (ELM) for RBF networks can now be
summarized as follows:

ELM Algorithm for RBFs : Given a training set
ℵ = {(xi, ti)|xi ∈ Rn, ti ∈ Rm, i = 1, · · · , N},
kernel number Ñ :

step 1 Assign arbitrarily kernel centers µi and im-
pact widths σi, i = 1, · · · , Ñ .

step 2 Calculate the hidden (kernel) layer output
matrix H.

step 3 Calculate the output weight β

β = H†T (29)

V. Performance Evaluation

In this section, the performance of the proposed
ELM learning algorithm for RBF networks is com-
pared with the popular Support Vector Machines
(SVMs) on several benchmark problems: two arti-
ficial regression problems, two real regression prob-
lems and two real classification problems. It shows
that the ELM-RBF could reach good generalization
performance which is very close to SVMs, however,
our ELM-RBF can be simply conducted and runs
much faster, especially for function regression appli-
cations. 50 repeated trials have been conducted for
both ELM-RBF and SVM for each benchmark prob-
lem and the training and testing data are randomly
generated at each trial. The average training and
testing performance of both ELM-RBF and SVM
are given in this section.

All the simulations for the ELM-RBF algorithm2

are carried out in MATLAB 6.5 environment running
in a Pentium 4, 1.9 GHZ CPU. The simulations
for SVM are carried out using popular compiled
C-coded SVM packages: LIBSVM[16] running in
the same PC. The basic algorithm of this C-coded
SVM packages is a simplification of three works:
original SMO by Platt[17], SMO’s modification by
Keerthi et al[18], and SVMLight by Joachims[19].
Both ELM-RBF and SVM use the same Gaussian
kernel function: φ(x, µ,σ) = exp − x−µ

σ . The

inputs except the outputs of all cases are normalized
into the range [−1, 1] for both the ELM-RBF and
SVM algorithms.
In order to get good generalization performance,

the cost parameter C and kernel parameter γ of
SVM need to be chosen appropriately. Similar to Hsu
and Lin[20] we estimate the generalized accuracy
using different combinations of cost parameters C
and kernel parameters γ: C = [212, 211, · · · , 2−1, 2−2]
and g = [24, 23, · · · , 2−9, 2−10]. Therefore, for each
problem we try 15 × 15 = 225 combinations of
parameters (C, γ) for SVM.

A. Benchmarking with Artificial Function Approxi-
mation Problems

A. Approximation of Friedman Functions
In this example, ELM-RBF and SVM are used to

approximate three popular Friedman functions[21].
Friedman #1 is a nonlinear prediction problem

which has 10 independent variables, and only five
predictor variables are really needed:

Friedman #1: y(x) =10 sin(πx1x2) + 20(x3 − 0.5)2
+ 10x4 + 5x5

(30)

All variables xi’s are uniformly randomly distributed
in the interval [0, 1].
Friedman #2 and Friedman #3 having four inde-

pendent variables are respectively:

Friedman #2: y(x) = x21 + (x2x3 − (1/(x2x4)))2
1/2

(31)
and

Friedman #3: y(x) = arctan
x2x3 − 1/(x2x4)

x1
(32)

The variables xi’s of both Friedman #2 and Fried-
man #3 are uniformly randomly distributed in the
following ranges:

0 ≤ x1 ≤ 100
40π ≤ x2 ≤ 560π
0 ≤ x3 ≤ 1
1 ≤ x4 ≤ 11

2For ELM source codes and bench-
mark cases reported in this paper, refer to
http://www.ntu.edu.sg/eee/icis/cv/egbhuang.htm



50 trial each with training and testing data
randomly generated has been done for all the al-
rogithms. For each trial, 1000 training data and
1000 testing data are randomly generated for all
the three Friendman functions, respectively. In order
to find the appropriate parameters for SVM, 225
combinations of cost parameters C and kernel pa-
rameters γ and 10 repetitions for each combination
have been tried, which spent more than 7 hours. Seen
from Table I, ELM-RBF can get as good results as
SVM for these three Friedman functions with much
less kernels, but learn up to hundreds times faster
than SVM. From the simulations it is found that
SVM’s performance may be sensitive to the cost
parameter C and kernel parameter γ. For example,
for Friedman #2, if we set C = 2 and γ as default,
the prediction RMSE of SVM could be 261.3830,
which is similar to the results obtained by Drucker,
et. al[22] but much larger than 2.7769 obtained in our
simulations since we try to find the best performance
of SVM and compare it with the proposed ELM-
RBF.

Func Algorithms Training Time Testing (RMS) No. of

(seconds) Mean Dev Kernels

#1 ELM-RBF 0.0112 0.5812 0.0091 10
SVR (2−1, 2−7) 0.6352 0.5847 0.0073 901.2

#2 ELM-RBF 1.0121 2.7050 0.1663 160
SVR (212, 2−2) 776.64 2.7769 0.3342 885.5

#3 ELM-RBF 0.0962 0.1084 0.0108 50
SVR (210, 2−6) 11.8560 0.1091 0.0071 178.2

TABLE I

Performance comparison for learning three Friedman

functions.

B. Approximation of ‘SinC’ Function with Noise
In this example, both ELM-RBF and SVM are

used to approximate the ‘SinC’ function, a popular
choice to illustrate Support Vector Machine for
Regression (SVR) in the literature:

y(x) =
sin(x)/x, x = 0

1, x = 0
(33)

A training set (xi, yi) and testing set (xi, yi) with
5000 data respectively are created where xi’s are
uniformly randomly distributed on the interval
(−10, 10). In order to make the regression problem
‘real’, noise uniformly distributed in [−0.2, 0.2] has
been added to all the training samples while testing
data remain noise-free.
50 trials have been conducted for all the ELM

and SVM algorithms and the average results are
shown in Table II. Training and testing data are
randomly generated for each trial of simulation. Seen
from Table II, ELM-RBF can get as good results as
SVM with much less kernels, but learn up to 40 times
faster than SVM. In order to obtain the best gen-
eralization performance of SVM as shown in Table

II, more than 6 days has been spent on looking for
appropriate combination of cost parameters C and
kernel parameters γ. For example, for the parameter
combination (C = 28, γ = 22), the learning time is
1278.2 seconds and the testing accuracy is 0.0072,
the training time is much larger than that shown in
Table II. The training time spent for SVM with the
parameter combination (C = 212, γ = 2) is 15168.3
seconds, very large.

Algorithms Training Time Testing (RMS) No. of
(seconds) Mean Dev Kernels

ELM-RBF 1.8652 0.0075 0.0011 100
SVR (23, 22) 68.0459 0.0067 0.0012 2502.0

TABLE II

Performance comparison for learning noise added function:

SinC.

B. Benchmarking with Real-World Function Ap-
proximation Problems

A. California Housing Prediction Application
California Housing is a dataset obtained from the

StatLib repository3. There are 20,640 observations
for predicting the price of houses in California.
Information on the variables were collected using all
the block groups in California from the 1990 Census.
In this application a block group on average includes
1425.5 individuals living in a geographically compact
area. Naturally, the geographical area included varies
inversely with the population density. Distances
among the centroids of each block group were
computed as measured in latitude and longitude.
All the block groups reporting zero entries for the
independent and dependent variables were excluded.
The final data contained 20,640 observations on
9 variables, which consists of 8 continuous inputs
(median income, housing median age, total rooms,
total bedrooms, population, households, latitude,
and longitude) and one continuous output (median
house value). In our simulations, 50 trial each with
training and testing data randomly generated has
been done for both ELM-RBF and SVM alrogithms,
and 8,000 training data and 12,640 testing data
randomly generated from the California Housing
database for each trial of simulation. The output
value is normalized into [0, 1].
In order to obtain the best generalization per-

formance of SVM as shown in Table III, more
than 11 days has been spent on looking for ap-
propriate combination of cost parameters C and
kernel parameters γ. For example, for the parameter
combination (C = 212, γ = 24), the learning time is
more than 14000 seconds and the testing accuracy
is 0.2079, the training time is 250 times the traing
time spent for SVM with the parameter combination

3www.niaad.liacc.up.pt/∼ltorgo/Regression/cal housing.html



(C = 22, γ = 21) as shown in Table III. Seen
from Table III, ELM-RBF can get generalization
performance close to SVM with much less kernels
and faster learning speed.

Algorithms Training Time Testing (RMS) No. of
(seconds) Mean Dev Kernels

ELM-RBF 7.1282 0.1265 0.0043 100
SVR (22, 21) 56.6582 0.1181 0.0011 2193.2

TABLE III

Performance comparison in California Housing Prediction

application.

B. Abalone Age Prediction Application
Abalone problem[23] has 4177 cases predicting the

age of abalone from physical measurements. Each
observation consists of 1 integer and 7 continuous
input attributes and 1 integer output. There are 3
values for the first integer attribute: Male, Female
and Infant. For this problem, 3000 training data
and 1177 testing data are randomly generated from
the Abalone database for each trial of simulation
as usually done in literature. The output value is
normalized into [0, 1].
In order to obtain the best generalization perfor-

mance of SVM as shown in Table IV, 1.5 days has
been spent on looking for appropriate combination of
cost parameters C and kernel parameters γ. For ex-
ample, for the parameter combination (C = 212, γ =
21), the learning time is more than 7000 seconds and
the testing accuracy is 0.1178, the training time is
160 times the traing time spent for SVM with the
parameter combination (C = 210, γ = 2−6) as shown
in Table IV. Seen from Table IV, ELM-RBF can get
as good generalization performance as SVM with
much less kernels and much faster learning speed.
For this application, the generalization performance
obtained by SVM in our similations are much better
than the result reported in Chu, et. al[24]4 since
we try to find the best prediction performance of
SVMs through the extensively testing of different
combination of parameters (C, γ).

Algorithms Training Time Testing (RMS) No. of
(seconds) Mean Dev Kernels

ELM-RBF 0.0325 0.0779 0.0022 15
SVR (210, 2−6) 44.0474 0.0785 0.0023 457.8300

TABLE IV

Performance comparison in Abalone Age Prediction

application.

4Chu, et. al[24] used unnormalized MSE instead of nor-
malized RMSE. After considering that the output amplitude
of the raw Abalone dataset is around 28, the corresponding
normalized RMSE of those results reported in Chu, et. al[24]
are larger than 0.1, which are much higher than the results
obtained by ELM-RBF and SVM in this paper.

C. Benchmarking with Real-World Classification
Applications

A. Medical Diagnosis Application: Diabetes
The performance comparison of the new proposed

ELM-RBF algorithm and SVM algorithm has been
conducted for a real medical diagnosis problem: Dia-
betes5, using the “Pima Indians Diabetes Database”
produced in the Applied Physics Laboratory, Johns
Hopkins University, 1988. The database consists of
768 women over the age of 21 resident in Phoenix,
Arizona, each with eight input attributes. All ex-
amples belong to either positive or negative class.
The diagnostic, binary-valued variable investigated
is whether the patient shows signs of diabetes ac-
cording to World Health Organization criteria (i.e.,
if the 2 hour post-load plasma glucose was at least
200 mg/dl at any survey examination or if found
during routine medical care). For this problem, 75%
and 25% samples are randomly chosen for training
and testing at each trial, respectively.
The average results over 50 trials are shown in

Table V. Seen from Table V, in our simulations
SVM can reach the testing rate 77.70% with 294.07
support vectors at average, which is better than the
testing rate 76.50% obtained by Rätsch et al[25].
For this application, the testing rate of RBF network
obtained by Wilson and Martinez[26] is 76.30% while
the ELM-RBF learning algorithm achieves similar
result. Different from other applications, for this
small dataset application, it takes only 360 seconds
to find the appropriate parameter combination of
SVM for each trial of parameter combination. Since
the training time is very small, in order to obtain the
best parameter combination for SVM for different
sets of traing and testing data, 50 repetitions can be
and have been done for each parameter combination
and the parameter combination is chosen which
produces the best generalization performance at
average.

Algorithms Training Time Testing Rate No of
(seconds) Rate Dev Kernels

ELM-RBF 0.0408 76.48% 2.81% 30
SVM (211, 2−7) 0.9436 77.70% 2.94% 294.07

TABLE V

Performance comparison in real medical diagnosis

Application: Diabetes.

B. Landsat Satellite Image: SatImage
The ELM-RBF performance has also been tested

on multi-class application like Landsat Satellite
Image (SatImage) from the Statlog collection[23].
Landsat Satellite Image (SatImage) is a 7-class
application which has 36 input attributes. At each
trial of simulation of SatImage, 4435 training data

5ftp://ftp.ira.uka.de/pub/neuron/proben1.tar.gz



set and 2000 testing data set are randomly generated
from their overall database. The average results over
50 trials are shown in Table VI, which shows that
ELM can still reach good generalization performance
but slightly lower than and close to SVM’s.

Algorithms Training Time Testing Rate No of
(seconds) Rate Dev Kernels

ELM-RBF 8.1766 88.01% 0.48% 200
SVM (24, 20) 13.6979 91.83% 0.43% 1603.7

TABLE VI

Performance comparison in Satimage.

VI. Conclusions

This paper has extended the extreme learning
machine (ELM) from single-hidden layer feedforward
neural networks (SLFNs) to radial basis function
(RBF) networks. The main feature of the proposed
ELM for RBF networks is that ELM arbitrarily
assigns the kernels instead of tuning them. Com-
pared with the popular SVM, the proposed ELM can
be used easily and the ELM can complete learning
phase at very fast speed and provide more compact
network. As demonstrated in a few simulations on
real and artifical benchmark problems, the proposed
ELM for RBF networks can achieve as good general-
ization performance as SVM for regression and good
but slightly lower generzatlion performance than
SVM for some classification problems. It is worth
further systematically investigating the arbitrariness
of the RBF kernels.
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